This paper is concerned with option pricing in an incomplete market driven by a jumpdiffusion process. We price options according to the principle of utility indifference. Our main contribution is an efficient multi-nomial tree method for computing the utility indifference prices for both European and American options. Moreover, we conduct an extensive numerical study to examine how the indifference prices vary in response to the changes in the major model parameters. It is shown that the model reproduces "crash-o-phobia" and other features of market prices of options. In addition, we find that the volatility simile generated by the model corresponds to zero mean jump size, while the volatility skew corresponds to a negative mean jump size.
Introduction
The researches of option pricing in recent years have largely been driven by two major empirical results. The first is the leptokurtic feature in the actual return distribution of asset prices, which means that, compared with (log-)normal marginal distribution, the actual distribution of many asset returns are typically skewed to the left, has higher peak and fatter tails. The second is the presence of volatility smiles or skews, meaning the smile shaped or skewed implied volatility curves, as opposed to the flat implied volatility curve for the classic Black-Scholes-Merton's model (Black-Scholes (1973) ; Merton (1973) ). To accommodate these empirical features, researchers have generalized the Black-Scholes-Merton's model by using state-dependent volatility function, or by incorporating additional risk factors, like stochastic volatility and jumps, into the driving dynamics.
For comprehensive discussions of models and surveys of literatures, we refer readers to Andersen and Andreasen (2000) and Kou (2002) . These authors argued favorably for jump-diffusion model and showed the capacity of the model to reconcile with the empirical results.
Jump-diffusion option pricing model was pioneered by Merton (1976) . Since market driven by both jump and diffusion is dynamically incomplete, option pricing theories, explicitly or implicitly, were developed under the equilibrium framework. Under the equilibrium framework, specifically, the Capital Asset Pricing Model (CAPM), an option price depends on the correlation between the underlying asset and the market portfolio. When the underlying is a broadly based index, the correlation can arguably taken to be one. As a result, several well-known pricing theories for jumpdiffusion processes, including Naik and Lee (1991), Bates (1991) , Wilmott (1998) and more recently Andersen and Andeasen (2000) , were developed particularly for options on S&P500 index, which is considered as a proxy for market portfolio. Nevertheless, pricing stock options using CAPM is considered too complicated for practical use and may not necessarily be advantageous. In this paper, we take an alternative approach: utility indifference pricing.
Utility indifference pricing was first introduced by Hodges and Neuberger (1989) and extended by Davis et. al. (1994) in the context of option pricing with transaction costs. The basic idea is the following. Assume that an option writer delta-hedges his liability with the optimal strategy that maximizes the utility of the terminal wealth of the hedged portfolio. The indifference price of the option is defined as the initial cash endowment with which the writer can achieve the same utility as that of a "pure" optimal investment: the one with neither cash endowment nor liability. A similar idea also appeared in actuarial mathematics as "premium principle of equivalent utility" (see Gerber (1979) ). Measured by utility, the indifference price can be regarded as the "cost of hedging", which reduces to the Black-Scholes price in a complete market. From practical point of view utility indifference pricing has at least two advantages: 1) it does not refer to the market portfolio; 2) in addition to an option price, it generates an optimal hedging strategy in the sense that the resulting utility is equal to that of an optimal pure investment. So far, the mathematical structure of utility indifference pricing has been well characterized by numerous researchers, cf. (2005)). For the purpose of practical implementation, we are interested in numerical methods. Pochart and Bouchaud (2004) proposed a versatile Monte-Carlo method for pricing and hedging options with minimum local expected shortfall. Their method can be directly applied to the utility indifference model. The present paper focuses on lattice method. Our main contribution is an efficient numerical algorithm for computing the indifference price. In addition, we will conduct an extensive numerical study to examine the effects of model parameters on the indifference prices. This paper is organized as follows. In § 2 the utility indifference pricing is recalled and carried over to a jump-diffusion economy. The Hamilton-Jacobi-Bellman (HJB) type governing equation for the utility indifference prices is presented. In § 3, we take into consideration the utility pricing in discrete time, and approximate the continuous-time jump-diffusion process by a multi-nomial discrete random walk. An efficient numerical algorithm is developed. § 4 contains numerical results where we will examine how option prices vary in response to the changes in the major model parameters. Interestingly, we will witness that a volatility smile simply corresponds to zero mean jump size, while volatility skew corresponds to a negative mean jump size. We extend the utility indifference pricing to American options in § 5. Finally in § 6 we conclude the paper.
Utility indifference prices
First, let us briefly recall the concept of the utility indifference price for a European vanilla option.
We will confine ourself to the pricing from the angle of an option writer. We refer to Becherer In formalism, this is equivalent to taking risk-free interest rate r = 0 and the discount factor equal to 1.
Basic concept of utility indifference prices
We start with a probability space (Ω, F, P ) and a filtration (F t ) t≥0 satisfying the usual conditions of right-continuity and completeness. Let (S t ) t≥0 be the discounted underlying asset price process.
We illustrate the utility indifference pricing from the viewpoint of an option writer. After receiving the premium, the writer has to hedge to reduce his risk exposure. Typically, the entire investment operation to the writer consists of three steps:
1. selling the option at time 0 for the future price v (for delivery at T ); 2. paying out to the buyer the payoff V (S T ) at time T ; 3. accumulating the profits and losses arising from the self-financing hedging strategy {∆ t } with the underlying asset.
Note that the strategy {∆ t } is a (F t ) t≥0 -progressively measurable and satisfies the integrability condition E T t ∆ 2 s ds < ∞. The terminal profit or loss of the investment realized at time T is
The purpose of the writer is to maximize the expected utility:
where U (x) is a monotonically increasing and concave function. Throughout this paper, the writer is assumed to be of constant absolute risk aversion, that is,
where parameter α is the measure of risk aversion. Bigger α corresponds to higher degree of risk aversion. In particular, α = +∞ indicates absolute risk aversion while α = 0 corresponds to risk neutrality.
The indifference price of the option, v, is defined as:
which means that the writer is indifferent in the sense of his expected utility between writing the option for the premium and writing no option. Due to the desirable separability of the exponential function, we have the following explicit expression for the indifference price
In general, for a given underlying price process of S t , the two terms in (2) can at least be evaluated by numerical methods.
Under certain technical conditions, maximizing the expected utility of exponential function has an interesting dual problem, (Fritteli (2000a) and Delbaen et. al. (2002) ). This gives rise to the study of the so-called duality approach for utility indifference pricing, and leads to a linkage between the minimal entropy martingale measure price and v(0, .) (i.e., the limit of the utility indifference price as the risk aversion parameter tends to 0). We refer interested readers to those references listed in the bibliography. 1. If the market is complete, the utility indifference price reduces to the Black-Scholes price.
Monotonicity
3. Convexity: for µ ∈ (0, 1),
It should also be pointed out that utility indifference prices are non-linear in the number of options.
Pricing with Jump-diffusion process
Let us turn to option pricing in a market, specifically, driven by a jump-diffusion process
for the underlying asset. Here, Z t is a standard Wiener process under the objective measure P , N t is the Poisson process with arrival intensity λ, Y − 1 is the random jump size, µ t and σ t are deterministic functions of time.
For an option with payoff V T at time T , the utility indifference price is defined in (2), where it requires the evaluation of two value functions
For the jump-diffusion process, it is not hard to show that J (l) (S, t), l = 0, 1 satisfy the following
Hamilton-Jacobi-Bellman equations:
with the terminal conditions
The optimal control {∆ * t } has to be solved from equation (4) . The first order condition with respect to∆ t is
Apparently∆ * t can be solved numerically once J (l) and J (l)
S have been obtained. Yet for l = 0, the special case corresponding to α = 0,∆ * t can be obtained without going through the solution procedure for (4) . Notice that for α = 0 equation (4) admits a unique and state-independent solution, i.e., J (0) (S, t) = J (0) (t). Consequently, equation (6) reduces to
The left-hand side of (7) is a monotonic function of∆ t , and the unique solution is in the form
C 0 will be time-independent if none of µ, σ and λ depends on t. Function J (0) (t) can be expressed in terms of C 0 (t). Indeed, it is not hard to verify
3 Pricing in discrete time -multi-nomial random walk
To compute the utility indifference price, we can discretize (4)- (5) directly and solve with numerical methods. However, very often such approach for obtaining solutions is neither efficient nor intuitive.
In practice, hedging takes place in discrete time. Hence, it is interesting for its own sake to study utility indifference pricing in discrete setting. By pressing into this direction, as we shall see in the subsequent discussions, we will be able to develop intuitive and robust numerical method for the valuation.
Parallel to the continuous case, we now consider the writing and subsequent hedging of an option in the discrete setting. Suppose that a writer writes an option of payoff V T for premium v and follows a hedging strategy {∆ i } at moments {t i }, then at the option's maturity he will end up with a profit or loss in the amount
Here, we have yet again used the forward prices for all securities. The writer with exponential risk aversion will seek for a strategy to maximize the utility:
Then the utility indifference option price is defined by
The valuation of J (l) (S 0 , t 0 ), l = 0, 1 can be achieved with a dynamical programming procedure, which is stated in the following Proposition.
with
Proof: We only need to prove the proposition for l = 1 as l = 0 is just a special case such that
Using the statistical independence we have
The proposition is thus proved.
Under the backward dynamics of stochastic control, scheme (10) has a single control variable and is easily implementable. Differentiating with respect to∆ i we obtain the first-order condition
The above equation implicitly defines∆ i , which, for known function J(S i+1 , t i+1 ), can be solved numerically. In fact the right hand side of (12) is a monotonic function of∆ i and the solution is thus unique. To see this we denote the right-hand side by
Apparently we have
Using the Newton-Raphson method we can calculate∆ i in just a few steps of iterations. Proceeding backwardly with (10) we will eventually obtain J (l) (S 0 , 0), l = 0, 1. For later reference we denote the optimal control for J (0) and J (1) by {∆ * i } and {∆ * ,1 i }, respectively. Similar to the continuous case, the valuation of J (0) (S i , t i ) can be significantly simplified.
With induction we can prove that J (0) (S i , t i ) is independent of S i . In such case equation (12) reduces to
Since the distribution of
is independent of S i , the solution to the above equation is of the form
Consequently, we have
For jump-diffusion underlying process, scheme (10)- (11) can be implemented with a multinomial tree. To illustrate our method, let us focus on the jump-diffusion process with bivariate jump-size distribution defined as ln(Y ) = β with probability P b −β with probability 1 − P b (13) for some constant P b ∈ (0, 1). The corresponding mean percentage jump is
The β corresponds to, say for example, a 10% jump is
Over a small time interval δt, the jump-diffusion process can be approximated by a one-period quadrinomial tree, as is shown in Figure 1 , where J > 1 is a positive integer (to be determined). Intuitively, the two branches in the middle correspond to diffusion, while the other two branches correspond to jump. The objective probabilities to reach those nodes, matching to the subindices,
where, similar to Amin (1994),
and
The jump step J is given by /* The end of the algorithm */ Although simple, the above algorithm has two serious disadvantages. First, the number of nodes increase too fast when we reduce the time-step size δt, causing the implementation a computational burden. Second, the arithmetic with exponential function may suffer from numerical underflows or overflows. Fortunately, both problems can be fixed.
To avoid large node number, we only need to implement the algorithm over a trimmed tree, as is shown in Figure 2 When working with the trimmed tree we must make sure that relevant index does not go beyond range. Suppose stock price index ranges from −M to M , then in the algorithm above we only need to impose
Accordingly, the jump sizes are chosen such that
for upward jumps and
For the choice of M , we may simply take M = N , the number of time steps. In such case the collection of discrete asset prices are identical to those of a binomial tree of time step N . For deeply in-or out-of-the money options, it may be helpful to take M bigger than N .
To alleviate the problem of overflows or underflows we add two additional treatments to the algorithm. First we scale down all asset prices by dividing them by the spot asset price S 0 .
Consequently, most arithmetic in the algorithm will be performed with numbers around 1. Second, we can instead work the "log" of the original function
By working with V instead of J (1) we can reduce the propagation of roundoff errors.
4 Numerics -smile, skew, spread and risk aversion
We devote this section to the pricing experiments of the utility indifference option pricing model.
We will examine the model on several aspects. First, we want to see how the indifference price changes in response to the changes in major input parameters, including rate of return, risk aversion, jump intensity and jump size. In particular, we want to see how the shape of volatility smile or skew varies in response to the change in the mean jump size, and compare with what was observed in the market place. For α = 1, a particular level of risk aversion, we will compare the optimal trading strategy suggested by the new model with the Black-Scholes delta calculated with implied volatilities.
Without loss of generality, we consider options on an underlying asset which follows the jumpdiffusion process with the bivariate jumps. The fixed parameters of the jump-diffusion process are
• spot asset price S 0 = 1;
• annualized return in the absence of jump µ = 10%;
• annualized volatility for diffusion σ = 25%;
• jump intensity λ = 12.
We will take various jump sizes and mean jump sizes. Note that λ = 12 means on average one jump per month. It is very big compared to the jump intensities used in other studies (see for example, Andersen and Andreasen, 2000). We consider call options across a range of strikes yet with a fixed maturity. In specific, they are
• maturity T = 1 months or 1/12 year;
• strikes X: from 85% to 115% of S 0 .
In our numerical scheme we take time-step size δt = 1/365. We will divide the results into five examples. Please note that, to abide to market convention, we quote option prices in terms of their Black-Scholes implied volatilities.
Example 1: Rate of return and option value. In the complete market driven by Brownian diffusion, the drift term µ t does not enter pricing. Conceivably, it is no longer the case in an incomplete market. The question then is: how important is the drift term? Or how sensitive is an option price to the drift term? Figure 3 offers some clues to the answer. It appears that option values are insensitive to but not independent of the change in the rate of return. A more careful analysis may be useful. In this calculation the mean jump size is k = −0.05, which is responsible for the skew. Figure 6 actually contains four curves, as the two Black-Scholes delta curves almost coincide. The BlackScholes delta is calculated from the Black-Scholes implied volatility. The risk aversion parameter for utility indifference pricing is α = 1. The results suggests that if the return of the stock is higher, the hedger should take bigger hedging ratio. This is meaningful since under the new model, the delta is for optimal investment instead of hedging. The Black-Scholes delta, meanwhile, is very insensitive to the rate of asset return. Also, when there is no excess of return over the risk-free rate, the delta suggested by the model is very close to the Black-Scholes delta. This is not surprising since Black-Scholes delta aims at eliminating any excess of return. 
American options
We briefly discuss the pricing of American options. Let S t remain to be the forward price of the underlying for delivery at maturity T , θ be the stopping time (i.e., exercise time), and V (S θ ) be the time-θ forward price of the intrinsic value of an American option. Keep in mind that it is the option's holder, not the writer, who chooses the optimal exercise strategy so as to maximize his profit. On other hand, we are going to take into account utility indifference prices from the angle of the writer. As a consequence, we define the utility indifference price 1 (to the writer) as the worst case scenario for the writer, namely,
where v is the forward price of the option seen at time t = 0. It should be emphasized that the resulting optimal strategy (i.e., optimal τ ) is not necessarily optimal to the holder.
From the above definition, we can solve and obtain the forward price of the option as
where
and J (0) (S t , t) is the same function as that for a European option. The above expression can be evaluated numerically. We now take specifically an American put option for example. Let X be the strike price, then the forward price of the intrinsic value (or payoff) of the option seen at time
where the risk-free rate r enters the pricing procedure explicitly. Let us consider discrete exercise at times with gap δt. Using arguments similar to those for European option pricing, we can derive stays above the intrinsic value, and pastes smoothly to the latter as asset price decreases. Figure   9 displays the early exercise boundary as the function of time-to-maturity. Due to the possibility of jumps, the limit of the exercise boundary as time to maturity approaches 0 is strictly less than the strike price. This numerical result is in consistence with that of Amin (1993) . In this paper we have studied utility indifference pricing with a jump-diffusion process. We develop a robust numerical method to compute utility indifference prices with a multi-nomial tree, which can approximate a jump-diffusion process. The method works also for American options.
In addition, we conduct an extensive numerical study to examine how indifference prices vary in response to the changes in the major model parameters. It turns out that our model reproduces "crash-o-phobia" and other features of market prices of options. Interestingly, we observe that a volatility smile simply corresponds to zero mean jump size, while volatility skew corresponds to a negative mean jump size.
Our method can be extended to other utility functions and pricing of options on multiple assets. However, when the number of underlying assets exceeds three, one has to instead consider the Monte-Carlo simulation (see, for example, Pochart and Bouchaud (2004) ).
